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SOME SPECTRAL SEQUENCES
ASSOCIATED WITH FIBRATIONS
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ELDON DYER AND DANIEL S. KAHN

The object of this paper is to establish certain spectral sequences, analogous to
some discovered by Eilenberg and Moore, for the class of Dold fibrations and for
a wide class of homology theories.

In writing this paper we have adopted the language and techniques of spectra.
This is perhaps an interim measure as recent work of Boardman, Heller, Puppe,
and others indicates the correct setting for these considerations may be some stable
category. However, that is work in progress and whatever its resolution, it appears
likely the arguments employed here will hold without substantial modification in
that category.

A description is given (details to appear in [7]) of a process by which each Dold
fibration can be shown to be fiber homotopy equivalent to an associated bundle
to a principal bundle. This is done with sufficient flexibility to incorporate the
classical principal bundle theory and results obtained apply thereto.

The homology theories included are those arising from multiplicative spectra for
which it is possible to obtain resolutions by spectra yielding projective resolutions
of h.(F) over h,(G) where F is a right G-space, G being a topological monoid.
In this paper these resolutions are obtained geometrically either through the use of
strictly associative ring spectra or by a device discovered by Atiyah [1]. Thus, the
spectral sequences obtained are valid for homology theories including ordinary
homology with coefficients in a ring, stable homotopy, various bordism theories,
and K-theory.

The first mentioned device for obtaining these resolutions relies heavily on the
notion of strict associativity (see Definition 2.7). This is required in our construc-
tions by the fact that while one has arbitrary pushouts in the topological category,
in the associated homotopy category one has only weak pushouts. These do not
suffice for the constructions used here.

The paper is organized into five sections:

§I. Point set topological background.

§II. Spectra.

§III. Resolutions of spectra.

§IV. The spectral sequence.

§V. Application to fibrations.
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398 ELDON DYER AND D. S. KAHN [November

Within each section, all theorems, definitions, etc. are numbered sequentially. Thus
Definition (2.33) is the thirty-third numbered item of §II.

I. Point set topological background. For ease of exposition we have elected to
work in the category of quasi-topological spaces and mappings. For basic definitions
and properties of this category the reader is referred to Spanier [11]. For a more
complete development and certain results used specifically herein the reader is
referred to the forthcoming book by Dyer and Eilenberg [7].

From the topological viewpoint there is no loss in working in this category as
there is a functor from the category of topological spaces to it under which the
notion of continuous map with domain a compact Hausdorff space is unchanged.
Thus homotopy groups and the other singular algebraic functors are unchanged.
Also, this functor imbeds the category of Hausdorff k-spaces [13] as a full sub-
category of the quasi-topological category. Thus if one checks that decomposition
spaces obtained by constructions of this paper, when obtained from Hausdorff
k-spaces, yield again such spaces, the theorems and proofs herein restrict, unaltered,
to that smaller category.

In this section we give a brief resumé of definitions and results in the category
Q of quasi-topological spaces and mappings used later. Few proofs are included
as they can be found elsewhere [7]. We drop the prefix quasi with the understanding
that we consider only the category Q and categories derived from it.

DErINITION (1.1). A topological monoid is a space H together with a continuous
product

p:Hx H— H,

hereafter written u(g, h)=gh, and a unit e € H, such that
(gh)i = g(hi), for (g, h,i)e Hx Hx H,
and
eg =g =ge, forgeH.
For a topological monoid H, a left H-space is a pair (X, a) consisting of a space X
and a mapping a: H x X — X, hereafter written a(g, x)=gx, such that
(gh)x = g(hx), for (g, h)e Hx H and x € X,
and
ex =x, forxeX.

For left H-spaces (X, a) and (X', '), the mapping f: X — X' is a map of left
H-spaces provided

Sfex = gfx, forge Hand xe X.

The category HQ has left H-spaces as objects and maps of left H-spaces as
morphisms. The category QH is similarly defined for right actions by H.
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The category Q has the property that for X an object of Q, Basetand p: X — B
an onto function, there exists a unique quasi-topology on B such that p is a pro-
Jection in the category Q; i.e., for Y an object of Q and g: B— Y a function,
g is a morphism of Q if and only if gp is a morphism of Q. In this case we say B
has the quotient space topology (of the equivalence relation defined by p).

DEerINITION (1.2). For X and Y objects of QH and HQ, respectively, let ~ be
the equivalence relation generated by the relation (xh, y)~(x, hy), and let X x, Y
denote the space of equivalence classes so defined with the quotient space topology
of ~: XXxY— Xx4Y.

Then xy defines a covariant functor

xy: QHx HQ — Q.
The functions Iy: X — Xx H and Fy: Y — Hx Y, defined by Ix(x)=(x, €) and
Fy(y)=(e, y), determine homeomorphisms
(1.3) lx: X’—> XXHH and ry: Y—)HXH Y.

If X and X' are objects of QH, then Xx X’ is an object of QH with action
(x, x"Yh=(xh, x'h). Trivial action imbeds Q as a full subcategory of QH. For F,
X and Y objects of Q, QH and HQ, respectively,

(1.4) (FxX)xgY 2 Fx(XxyY),

where = denotes “is homeomorphic to.”
For A and X objects of Q and QH, respectively, the space maps of 4 to X,
written (4, X), is given the structure of a right H-space by defining an action

a:(A, X\)xH— (4, X)
by a(f, h)c=(fc)h, for fe (A4, X), he H and c € A. Thus,
(,):Q"xQH—~ QH

is a covariant functor. For ¢ € 4, %.: (4, X) — X is the evaluation map 7.f=fc.
If X is an object of QH, then 7, is a QH-morphism. For ¢ € 4, 7, is a natural
transformation of (4, ) into the identity functor of QH.

For a space X, the path space PX of X is the subspace of (R*, X)x R* of all
pairs (f, I) such that ft=fIfor /< t, where R* denotes the nonnegative real numbers.
Maps 79: PX — X and 7,: PX — X are defined by

no(f; ) =fo and n(f, 1) =1l

For a map p: X — B let W? be the subspace of X x PB of all pairs (x, (f, /)
with px=m,f. The map p is a (strong) fibration if there are maps called path lifting
function and delay function

A?P: WP - PX and o°: W? > R*
with
20A%(x, (f, 1)) = x and pA”(x, (f, D)(t+s) = f1,
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for s=0"(x, (f, ])) and t € R* (and o”(W?)=0). {This notion of fibration is due to
Dold and that of strong fibration is due to Hurewicz.}

If X is an object of QH and px=pxh for all (x, h) € X x H, then X x PB, PX and
WP are objects of QH. If, with the trivial action of H on R*, both A? and o” are
QH-morphisms, then p is said to be a (strong) right H-fibration. It is clear that a
(strong) right H-fibration is a (strong) fibration.

For X' X, the map p: X — B is a (strong) relative fibration if there are path
lifting function and shift A? and ¢” such that

AP|WPX and  of|WPIX

are path lifting function and shift for p| X’. With the added hypothesis that p is a
strong right H-fibration and
alX'xH: X'xH— X',

we have the notion of a (strong) relative right H-fibration.
The condition that a map p: X — B be a strong fibration is equivalent to the
condition that the diagram

4, X) M (%, B)
I
p

X— B

be a ‘““weak pull-back,” where I is the interval [0, 1]; i.e., if f: Z — (I, B) and
g:Z — X are maps such that 5, f=pg, then there exists a map h: Z — (I, X), not
necessarily unique, such that (I, p)h=f and n,h=g. The condition that p be a
strong right H-fibration is equivalent to (1.5) being a weak pull-back in the category
QH.

Dually, a morphism i: A — X is a cofibration provided the diagram

i
A——X

(1.6) l"o 1"0
Ixi

IxA——>IxX

is a weak pushout, where iy(a)=(0, a), etc. This is equivalent to i being an injection
and Ix A U 0x X being a retract of Ix X. The requirement that (1.6) be a weak
pushout in the category QH defines a right H-cofibration.

We shall use the results that a composition of cofibrations is a cofibration and
that a product of cofibrations is a cofibration; by the latter we mean that if 4 — X
and B — Y are cofibrations, then so is Ax YU XxB— Xx Y. The same con-
clusions hold for right H-cofibrations.



1969] SPECTRAL SEQUENCES ASSOCIATED WITH FIBRATIONS 401
Finally, we will use the following

PROPOSITION (1.7). Let p: X — B be a (strong) left H-fibration and (F, F’) be a
QH-pair. Then
(FxyX, F' x4 X, p, B)

is a (strong) relative fibration. If F' — F is a right H-cofibration, then F' xy X —
Fxy X is a cofibration.

(In the above statement the map p is defined by p on the second factor.)
Since the category Q is closed under disjoint unions and projections, it has
arbitrary pushouts. That is, if

So

A— X,, geZ,

is a collection of maps, there exist a space P and a collection g, of maps

xX,25p  oes,

such that g, f,: A — P is independent of o and if

h,
X,—> R, geEX,

is a collection of maps such that 4, f, is independent of o, there is a unique map
k: P — R such that

h, = kg, foralloeX.

DErINITION (1.7). The category Q2 is the category of pairs of spaces of Q and
maps of pairs. The category P is the full subcategory of Q2 in which the objects are
pairs (X, A) with the inclusion map 4 — X a cofibration. The category Q° is the
full subcategory of P in which the subspaces A contain only one point. Finally,
the category P° is the full subcategory of the category of triples (X, 4, C) and maps
of triples in which each of the maps 4 — X and C — A are cofibrations and the
space C contains only one point.

A QH-pair is a pair (F, F') in Q% with the inclusion map F' — Fa Q H-morphism.
The category (QH)? is the category of QH-pairs and QH-maps of such pairs.
The category PH is the full subcategory of (QH)? in which the objects have in-
clusion maps F’'— F Q H-cofibrations. Then (QH)° and (PH)° are defined similarly.
For left H-spaces we have analogous categories (HQ)?, HP, (HQ)®, and (HP)".

II. Spectra. In the study of extraordinary homology theories, ring and module
spectra play the role of coefficient rings and modules. In this section we review
some of the basic definitions and develop some constructions which are used in
§I11. A basic reference for this section is [14].
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A spectrum A is a sequence of pairs (M, n;) of spaces M; and morphisms
mi St A M — M,

in 0°,i=0,1,2,....
ExAMPLE (2.1). For a spectrum / and integer n € Z *, we denote by /#(n) the
spectrum A" for which

N =x ifi<n,
Npy=M;, ifO=)
and
vass =1 (" A M)

if 0=j, where f: S* — S! is the map of degree (—1) given by f(e*®)=e~ ¥,
A morphism of spectra f: M — A" is a sequence of morphisms f;: M; — N, in
Q° such that each of the diagrams

St A MtL’Mtn
(2.2) 151 Afi lﬂn
V;

4
S AN, —— Ny

homotopy commutes. If the diagrams commute exactly, f'is called a strict morphism

of spectra.
For a spectrum # the groups m,(/#) are defined by

mo( M) = lim 7, , (M,).

(See pp. 243-244 of [14].) A morphism of spectra f: # — A" induces homo-
morphisms f,: m,(AH) — 7,(A#") by means of the homomorphisms

fn.: "p+n(Mn) g ”p+n(Nn)'
For a space X in Q° and a spectrum /, a spectrum A4 = A X is defined by
N¢=M{/\X and V,=#{/\X.

The reduced (extraordinary) homology groups A4(X; /) of X with coefficients in
the spectrum # are defined by

ho(X; M) = (M A X).
For Y a space, the nonreduced groups h,(Y; #) can be defined by
h(Y; M) = h(Y*; M).

We note that Theorem 5.2 of [14] applies in Q°; i.e., Ay ( ; ) defines an extra-
ordinary homology theory on the category Q°, [7].
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Let H denote a monoid. The spectrum  is a left H-spectrum if for each i,
M, and p; are space and morphism in (HQ)°, respectively. A right H-spectrum is
defined similarly in terms of (QH)°.

A morphism of left (right) H-spectra is a morphism f: # — A" of the left (right)
H-spectra # and A" such that each f; is a (HQ)° (or (QH)°) morphism and each of
the diagrams (2.2) homotopy commutes in the category (HQ)° (or (QH)°). If
each of the diagrams (2.2) commutes exactly, then fis a strict morphism of left
(right) H-spectra.

EXAMPLE (2.3). Let # be a spectrum with H acting trivially on the spaces M,
and let X be a space in (QH)°. Then & =M A X is a right H-spectrum. If
S M — M is a (strict) morphism of spectra and g: X — X' is a morphism of
(QH)", then

fAgMAX>MH ANX
is a (strict) morphism of right H-spectra.
In [14], pairings of spectra were defined as the analogue of pairings of coefficient

groups. We recall the definition.
DEFINITION (2.4). A pairing of spectra t:(sZ, B)— € is a bisequence of

morphisms of Q°
tpa: Ap N Bg— Cpyy

such that

0y Ipi14(e A By) =~ 7'p+q(sl )]

and

2 thsra(ep A By) = tp:01(Ap A B)(Ap A fP A B)(= A B)

where 7: S* A A, — A, A S is the switching map and f'is the map of degree (—1)
given by f(e')=e"%.

If «empym(d,) and Bemy, (B, then (e, B) —t,,(xAPB) induces a pairing
Lo Tpim(Ap) @ Toin(B) —> Tpiqsmsn(Copsg)- The homomorphisms (—1)m, ,
define a pairing

ty: Tp(A) @ 7o (B) — 7 1 n(€).

(See [14, p. 256], for details.)
ExAMPLES (2.5). (a) Let & be the sphere spectrum: (S, g,), where

~

oSt A ST S,
Let & be any spectrum and let
et SP A Aj—> Ay
be homotopic to the composition
(S° A ayye)(ST A apyyy) oo (ST A )
for i>0 and &, ;=A,. Then €: (¥, ) — A is a pairing [14, p. 255].
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(b) Let & ; be homotopic to the composition.

i
26) AnS — st aa, A a4
where fy=fAfA--- Af: S7— S7. The maps ¢, ; define a pairing €': (A, &) — .
In [14] G. W. Whitehead introduced the notion of a ring spectrum as the analogue
of a coefficient ring in ordinary homology. We recall his definition and give a more
restrictive definition: a strict ring spectrum, which is suited to later constructions
in this and the next section
DEFINITION (2.7). A (strict) ring spectrum is a triple (&, m, u) in which Z is a
spectrum, m is a pairing m: (#Z, ) — R, and u is a (strict) morphism u: & — R,
where & is the sphere spectrum, such that

1 myy g (my; A Ry) = my ;o p(Re A my ),

?) m; (u; A Ry ~ & ; (=R, if i =0),
and

3) m; (R A uy) =~ & ; (=R ifj=0)

(all homotopies are replaced by equalities).
The morphism u is called the unit of the ring spectrum. The requirement that
(1), (2) and (3) hold only up to a homotopy imply that the pairing
My T(R) Q Ty(R) — m4(R)

makes 74(Z) an associative, graded ring with unit represented by u,: S™ — R,.

REMARK (2.8). If one is given a pairing m: (#, #) — # and a morphism (not
necessarily strict) u: & — £ which satisfy (1) exactly and (2) and (3) only up to
homotopy, by letting &, be the composition

U A-ee AUy
S*A---ASt— SR A--AR —>R,
& ,=m; (4, AR;) and & ;=m, (R, Ad;), we obtain a strict morphism 4: & — R
and pairings 2: (¥, &) —> # and &': (R, &) — R under which (£, m, d) is a
strict ring spectrum. The induced structure of graded ring with unit on () is
unaltered.

REMARK. As was seen in (2.8), the equality (rather than homotopy) in conditions
(2) and (3) of (2.7) is not a serious restriction and is imposed only as a technical
convenience. The equality in condition (1) is a serious restriction, but something
of this sort seems necessary to carry out the constructions of §III.

EXAMPLES (2.9). (a) The sphere spectrum & with

Mg St A ST > Si*
and unit u= is a strict ring spectrum. This is the spectrum associated with stable
homotopy as an extraordinary homology theory. The product in 7,(&) corresponds
to stable composition [3].
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(b) For A a ring with unit, let R, be the geometric realization in Q° [10] of the
standard semisimplicial representation of K(A, n), [8]. Then £ is a strict ring
spectrum.

(c) Let (#, m,u) be a (strict) ring spectrum and (H, u, e) be a topological
monoid. The H* A & can be given a (strict) ring spectrum structure by letting

;=@ Am)H* AT AR,y

and i, be the composition
* AU,
SP—S°ANSP—(e, +) ANSP—>H* ANSP——— > H* AR,

(d) The bordism theories associated with O, U, Sp, SO and SU can be represented
by strict ring spectra in the sense of (2.6), [9].

DEerINITION (2.10). If (£, m, u) is a (strict) ring spectrum, the spectrum  is a
(strict) right R-spectrum if there is a pairing y: (A, #) — M such that

1) Vi+1cis A Ro) = yi06(My A my ),
2 v (M A uy) = ¢ 4,

and

3 m = e (My A (),

(all homotopies are replaced by equalities), where 7: S* A M; — M, A S! is the
switching map. A (strict) left Z-spectrum is defined similarly.

Comments similar to those of Remark (2.8) apply to the equality (rather than
homotopy) in conditions (2) and (3).

It is easy to see that y, makes 7,(#) a module over 7,(Z).

DEFINITION (2.11). A morphism of (strict) right R-spectra is a spectrum morphism
f: M — A of (strict) right Z-spectra such that

n(fi A R) = fiimy ;.

(~ replaced by =). A morphism of (strict) left Z-spectra is defined similarly.

REMARK (2.12). Condition (3) of Definition (2.10) implies that a morphism of
strict right #-spectra is a strict morphism of spectra.

Clearly, for a morphism f: M — A" of right #-spectra, the induced morphism
S TW(M) — my(A) is a right 7, (2#)-module homomorphism.

EXAMPLES (2.13). (a) Every spectrum can be made into a strict left or right
& -spectrum.

(b) If & is a strict ring spectrum, then (changing if necessary the maps p; by a
homotopy to satisfy condition (3) of Definition (2.10)) & is a strict right %-
spectrum.

(c) If X is an object of Q° and / is a (strict) right [left] #-spectrum, then, using
the obvious pairings, # A X is a (strict) right [left] #-spectrum. In particular,
Z A X is a strict right Z-spectrum if £ is a strict ring spectrum.
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(d) If Y is an object of (QH)°, & is a (strict) ring spectrum and .# is a (strict)
right #Z-spectrum, then S A Y is given the structure of a (strict) right ZA H*-
spectrum by the composition

M AYDARANHY)Y>M A R)AN(YANHY)Y>M ;AT

Thus, 74(# A Y) is a right m (2 A H *)-module; equivalently, 4,(Y; ) is a right
module over h,(H; R).

(e) With the monoid H acting trivially on the left factor, the space S*AH*
=S'x H/, x His an object of (QH)°. Also, h(S'ANH*; R)=me(RA(S'AH™)).
Thus, h(S'A H*; R) is a free right hu(H; Z&)-module on one generator; this
generator is in dimension 7 and is represented by the composition

S*HZS"ASIAS—>S"AS'A(e,+)—>R, A S' AN H?,

(see [14, (5.D]).
(f) If A is a strict left (right) Z#-spectrum and X is an object of Q°, then (X, #)

is a strict left (right) #-spectrum.
Proof of Example (2.13)(f). The spectrum (X, .#) has spaces (X, #),=(X, M,)°
and maps
i ST A (X, M) — (X, M),y
the compositions
Sl A (Xa Mi)o _)(X9 Sl A Ml)°_>(X’ Ml+1)°’
in which the first map is adjoint to
(X, M)° —(S* A X, ST A M)° Z (S, (X, ST A M)°)°

and the second is (X, u,)°. The base point of (X, M;)° is (X, *) and it can be verified
the inclusion map of this base point is a cofibration. We can write a formula for
m; as follows:

(8, /)(X) = m(s A fx).

The proof of the lemma consists of a number of routine verifications. Consider
the left case.
Y2 A (X, H)—> (X, A)

is given by the compositions 7 ;
Ry A (X, M)°—> (X, R, A M))° > (X, M,,;)°
or equally the formula
7/, )x) = 7 r A fx).
We check the equality

Fieser (M A (X, Mi)°) = P340 R A Py
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Let se R, te R;, x € M;, and fe (X, M,)°. Then

Freslmyy A (X, Mp)°)s At A F)X) = Fragulmifds A 1) A f)(x)
= Vi, s(s A 1) A fx)
= Yi,54x(8 A Y5t A fX))
= Yis+x(8 A P1,(8, S)(X))
= P1,741(8 71,6t LX)
= Priere Ri A 75,4(8, 1, F)(x).
The other equalities are verified in similar ways.
DEFINITION (2.14). A cofibration of spectra is a strict morphism i: & — & of
spectra such that for each n, i,: A, - X, is a cofibration. If i: & — & is a co-

fibration of spectra, then (&, &) is called a pair of spectra.
If (¥, ) is a pair of spectra, the groups 7. (%, &) are defined by

(X, ) = lim 7, , (X, 4,).
If (¥, ) and (¥, RB) are pairs of spectra, a strict morphism f: (¥, L) — (¥, B)
is a strict morphism f: & — % such that for each n, f,|4,: A, — B,. In this case,
finduces
So:m(Z, A) > 71 (Y, B).

Since the diagrams

S
"p+n(Xm An) —*" ”p+n+1(SXm SAn)
L
S«
Tprn-1(An) ——> 7,1 n(S4,)
anticommute, the homomorphisms
(= 1D)"0x: mp 4 n( Xy An) = 751 4n(40)

define a homomorphism 0,: m,(Z, ) — 7, _,(). As the direct limit of exact
sequences is exact, the sequence

(2.15) v () > T (F) > Ty (X, A) > Ty () = -

is exact. The exact sequence (2.15) is called the homotopy exact sequence of the pair
(¥, ), and it is natural with respect to strict morphisms of pairs of spectra and
their induced homomorphisms.

If i: o — & is a cofibration of spectra, then * — &/ is a cofibration of
spectra and the morphism (&, &) — (¥ /A, *) is a strict morphism of pairs.

PROPOSITION (2.16). Ifi: A — & is a cofibration of spectra, then

Ty o) > my(E |l ¥).
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Proof. This is an obvious double limit argument using the isomorphism

me(X, A) —> m(X U TA, TA)
in the stable range.

PROPOSITION (2.17). Let X be an index set, X' =% U {0}, &, X, 0 € X', be spectra,
and

ford — X, ocel,

be a collection of strict morphisms of spectra such that each f° is a cofibration for
o € 2. Then there exist a spectrum P and a collection

2. X > P, ceX,
of strict morphisms of spectra such that the diagram

.  Lex,

is a push-out is the category of spectra and strict morphisms of spectra. Furthermore,
g° is a cofibration of spectra.

Proof. For each i there exist a space P; and morphisms

g7: X — P,
such that
2.18) 4L Ep

is a pushout in Q. Let p,=g7f°a;, where q; is the base point of 4;. We shall first
show that g7 is a cofibration. Since x{ — X7’ is a cofibration, and the composition
of cofibration is a cofibration, it follows that p; — P; is a cofibration and the g}
are Q°-morphisms.
Consider the diagram
X ‘o —I—o’ Ix X, ‘o

g’ l] x g\ H°
2.19) l i &
}Ji —2 > JxP, i

k
Z.

We seek a map K: Ix P, — Z such that Ki,=k and Ko (Ixg{)=H".
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For each o € £ we have the commutative diagram
i
Ai —2 > Ix Ag
lf‘ . l’ <SENHE o (I %S7)

/‘/‘o_l°_>1xz‘/ta

kg 7z
and the resultant map HY: Ix X{ — Z such that H% =kg? and H° o (Ixf?)
=H" o (Ixf?), recalling that f? is a cofibration.

Since (2.18) is a pushout in Q, so is

Ixf? Ixg!
I, DI e X8 b

But we have a collection of maps
H*: Ix X} —~2Z, rel,

such that H® o (Ixf7) is independent of 7.
Thus, there is a map K: I x P, — Z such that

Ko(Ixg}) = H?, Ted,
In particular,
Ko(Ixg)) = H°.
Also,
K®i,0gi = K°(Ixg})oi, = H', = kgf
for r € X', But kgi: X7 — Z is a family of maps such that
kgifi = H® o (Ixf)i,
is independent of =. There is then a unique map
I:P,—>Z

such that /gi=kg} for all 7 € X', But k and K o i, are clearly such maps. They are
then the same map.

Thus, (2.19) is a weak pushout and g7 is a cofibration for each i.

Since (2.18) is a pushout, so is

. St A fF . St A g} .
(2.20) S'A A —— St A XF— 2 51 AP,



410 ELDON DYER AND D. S. KAHN [November

The diagrams
[04
Sl A Ai —l—>Ag+1
lSI A Jf
&
Sl A X‘t e Xi’+1
commute, and so, the family
gie16l: ST A XF > Py
is such that
81188t A S = gl i Sl

But g, f/. . is independent of 7. Thus, gi,e]S* A f7 is independent of r and
there is a unique morphism

m: ST AP —> Py
in Q° such that
mSt A fF = gliqél, el
Thus, for the spectrum #=(P,, =;), we have
& ¥ —2, Ted,

are strict morphisms and g° is a cofibration.
Finally, to see that

T
L.  ew

is a pushout, let
. Z — 2B, TeX,
be a family of strict morphisms such that Af* is independent of r. For each i,
there is a unique morphism
ki: P, — B,
in Q° such that
kigi =h forreX.
We have only to verify that
k:?P—~RB

is a strict morphism of spectra. But this follows as before from the facts that the
h* are strict morphisms and that for each i the diagram (2.20) is a pushout.
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DEFINITION (2.21). Let (¥, &), (¥, B), (Z, €), and (€, 2) be pairs of spectra.
A relative pairing

t (%, A), ¥, B)—~(%Z,€,92)

is a pairing ¢: (Z, %) — Z such that restrictions of the maps and homotopies
which make ¢ a pairing define pairings (Z, #) — €, (A, %) — € and (A, B) — 2.
It is not difficult to see that a relative pairing induces a pairing

&AL, Y |B)—~ Z|€.
Let ¢ be a pairing as in (2.21). For « € 7, , (X, 4,) and B € 7, (Y, B,),
(B —>the (@AB)

determines a pairing

1,0" Tpam(Xpy Ap) ® Tosn(Yor B) = Tpiqimin(Zpier Cord)-
The homomorphisms (— 1)™%, , then define a pairing
ty: (X, A) Q@ m(Y, B) > T+ Z, €).
DEFINITION (2.22). For Z a (strict) ring spectrum, the pair (&, ) of spectra is

a (strict) right R-pair of spectra if & is a (strict) right Z#-spectrum and the pairing
Y: (¥, R) — X defines a relative pairing

Y: (X, A), (R, %)) - (X, A, *).
A right R-morphism of right Z-pairs is a (strict) morphism f: (¥, &) — (¥, &B)
of pairs such that f: & — @ is a morphism of (strict) right Z#-spectra.

The homotopy morphism induced by a right #-morphism of pairs is a right
m(#)-module homomorphism.

PROPOSITION (2.23). Let X be an index set, X'=X VU {0}, &# be a strict ring
spectrum, and

[l > X°, oeX,

be a collection of morphisms of strict left R-spectra such that for each o € Z, f° is a
cofibration.
Then there exist a strict left R-spectrum P and a collection

2 ¥ — 2P, cel,
of morphisms of strict left R-spectra such that the diagram

(] g
wla®p  Lex

is a pushout in the category of strict left R-spectra and their morphisms. Furthermore,
(P, X°) is a strict left R-pair of spectra.
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Proof. We shall verify that for the # and g° of Proposition (2.17),

(a) 2 is a strict left Z-spectrum,

(b) each g° is a morphism of strict left Z-spectra,

(c) if k9: &° - B, o X', is a family of morphisms of strict left Z-spectra,
the unique morphism k: # — & such that kg=h°. o € ¥’, given by Proposition
(2.17) is a morphism of strict left Z-spectra.

Note the conclusion that (2, Z°) is a strict left Z-pair of spectra is an immediate
consequence of (b) for =0 and Proposition (2.17).

The pairing y: (&, ) — 2 is obtained from the pushout diagram

&A&jﬁﬁa&Anlﬂﬁ;&Ag
and the pairings

Ay glts
R, A X7 xe, 25 p,

Since f° are morphisms of strict left Z#-spectra, the compositions

R A A;—> Ry A X}

L

Aivj —> X% —> Py
are independent of ¢. Thus, there is a unique map
Yt Ri AN P;— Py
such that
(2.24) yijo R A g7 =gf;N,; foralloeX'.

We claim this gives 2 the structure of a strict left Z-spectrum. Notice that the
equations (2.24) are equivalent to assertion (b).
We verify first that the diagram

Ri A vik
R‘ARjAPk——)Rg/\Pj.(.k

(2.25)
Big N Py Vijek

Yi+ik
Ry NPy—————— Piyjyi

commutes. Since
RiANR;ANA,—R ANR; AN X >R AN Rj APy, celX,
is a pushout diagram in Q and each of the compositions
8lrsrk o Misko R A XNyo R A Ry AJY
= glrseno Nagu oty AN XZo R A Ry A S
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is independent of o, there is a unique morphism
L Re A Ry A P> Py
such that
Lo R ARy AgL=gljsnoNiskotuey A Xi, o€Xl.
But each of the morphisms

Yig+e© R Ay and yipgeomy APy
has this property.
We next show that for u: & — Z the unit of £, that
&5 = Yi,° (U A P)).

For this we employ the pushout diagram

Si A fe Si A g9
Sind S gy SN b,
The composition & ;0 S'Agl o SIAA;=gf, ;0 f%;° &, is independent of . Thus,
there is a unique morphism
Ui,]': St A Pj_>Pi+j
such that
v,joS'Agi=¢,08S" Agl foralloeZX'.
But ¢; ; and y; ; o (u; A P;) are such morphisms. The latter assertion follows via the
equalities
Yigo W A P)o(S' Agf)=v°R Agfou AP,
= gleso Myou A X7
= gl+s° 8y

es0(S* A gf).

The equality
yigous A Pio((fY A P)or=¢e,

follows similarly, using the pushout diagram

ffASt g ASt
Ay ANSt— > Xf A ST—— P; A ST, e,
To complete the verification (a) we have to prove only that
Y: (%, P)—>P
is indeed a pairing. That is, we need to show that
Yp+1,0°(pp A Pg) = Tpuqo (ST A 75,0
and

7v+l.q°(Pp A Pg) = ypq41 °(R, A 7"1)°(Rp A ()P A Pq)°("' A Pp).
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Actually in the presence of diagram (2.25) these two relations hold with homotopy
replaced by equality.
The first equality follows from the commutative diagram

S'AR, AP,—>R, AR, ANP,—>R,,; AP,

! ! !

S'APyyq——> R ANPyg—> Ryigi-
The second equality follows from the equations
Vra+1°(Ro A y1,0) o (Ry Aty A PQ)o(Ry A (f) A P)o(r APy
= 9Yp41,4°(p,1 A P)o(Ry Aty AP)o(Ry A(f)P AP)o(r AP)
= ¥Yp+1,4° (Bp,1 0 (Rp A uy) o (R, A (fP)em) A P,
= ¥ps1,0°W1,00 (1 A R) (/Y A R)o7o(Ry A (f)P)or) AP,
= ¥p+1,0° (1,00 (1 A R)) A P,
= ¥Yp+1,4°Pp A Py

To verify (c) we show that for the morphism k:  — % of Proposition (2.17)
obtained under our added hypothesis, the equalities

(2.26) Yp.a° Rp A kg =kpyqo Vp.a

hold. This follows immediately from the facts that

R, A f? R, A g3
R,AA‘,——E—L)R,AX;;g—q)R,APG, oel,

is a pushout diagram, that the composition
Yp.a° Ro A hGo Ry A f7
is independent of ¢, and thus that the morphism w,, ,: R, A P, — B, ., such that
wpa® Ry A 87 = Vpa° Ry ARG, o€X,

is unique. But each of the morphisms in (2.26) is such a morphism.
EXAMPLE (2.27). (a) Let (&, &) and (%, &) be strict left (right) Z-pairs of
spectra. Then the diagram

d—'—>3l'

bl
il

Y —>FOVY

is a pushout for morphisms of strict left (right) #-spectra.
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For each n, the diagram

A,,—>X

Jn lln

Y,,J X,v7,

is a pushout in Q° since both i, and j, are cofibrations. As the pushout is unique,
Proposition (2.23) then implies the conclusion.
(b) Let & be a strict ring spectrum, each of the maps

*x>A—>X

be a cofibration, and / be a strict right Z-spectrum. Then (XA #, AN MHA) is a
strict right Z#-pair. In particular, let (7, {0, 1}, {0}) be the triple consisting of the
unit interval and the two indicated subsets. Then

T A MAAO, 1} A M) = (TH, H)

is the pair consisting of the cone on / and /it is a strict right Z-pair.
Let f: # — A" be a morphism of strict right #-spectra. By Proposition (2.23)
we have the commutative diagram

./I{—{———M/V

(2.28) li 11”
T# L )

of strict right Z-morphisms which is a pushout in that category. Thus,

PROPOSITION (2.29). If R is a strict ring spectrum and f: M — N is a morphism
of strict right R-spectra, then (€(f), A") is a strict right R-pair.

Returning to pairings, we have
PROPOSITION (2.30). (1) If t: (X, ), (¥, ¥)) — (Z, €, %) is a relative pairing

then the diagrams

t
(X, H) @ m(H) —> 7y, (Z, €)

la* ®1 13;
tl

p-1(H) @ m(H) = 7y q_1()

commute.
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Q) Ift: (T, %), (¥, B)) > (Z, €, *) is a relative pairing, then the diagrams

t
T ) Q@ 7 (Y, B) —> 7, (%, €)
l(— 1y ® o, la;
tl
To(X) ® mq_1(B) —> 1y 1 q1(6)
commute.

Proof. We give here only the proof of (2). For each pair of integers (m, n), the
diagrams

t .
771H~m(/Ym) ® 77'q+n( Y., Bn) ﬂ) ”p+q+m+n(zm+na Cm+n)
l(— P*" @ 2 la;
m,n

—> 7Tp+q+m+n—1(cm+n)

7Tp+m(Xm) ® 77'q+n—1(Bn)

¢ommute. The homomorphism 2, is determined by (— 1)?" t,, ,.., 04 is determined by
(—1)"0,, &% is determined by (—1)"*"d%, and t, is determined by (—1)""t,, .. It
follows that the diagrams of (2) commute.

An easy argument based on the previous proposition proves

COROLLARY (2.31). If
t. (%, A), ¥, B)—~(Z,€¢,92)
is a relative pairing, the diagrams

t
(X, A) Q@ m(Y, B) * TordZ, €)

l(a* Q) @(—1) ® ) la;

(- 1(A) Q@ (¥, B)) @ (7T, A) ® - 1(B)) —> Tp4q-1(€, D)

commute.

EXAMPLE (2.32). Let (Z, &) be a right &-pair of spectra; then 7 (%, )
> (Z /L) as right 7(£)-modules. By (2.30), 0,: m4(Z, &) — m4(&) is a homo-
morphism of degree (— 1) of right 7,(#)-modules. Thus, the exact sequence (2.15)
is an exact sequence of right m,(Z)-modules.

DEFINITION (2.33). Let & be a ring spectrum, J and A" right and left #-
spectra, respectively, and

Y (M N)—>P
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a pairing. The pairing vy is balanced over R provided the diagrams

T

Po.a A N,
M, AN Ry AN ——> M,,, AN,

(234) lMp A Aq,r lYP-Hl,r

Mp A Nq+r EEE—— Pp+q+r
VYr.a+r

are homotopy commutative for each p, g and r.

EXAMPLE (2.35). Any pairing is balanced over &. If A is a right Z-spectrum,
then y: (#, &) — M is balanced over X.

PROPOSITION (2.36). If the pairing y: (M, V") — P is balanced over the ring
spectrum A, then the induced homomorphism

Ya: T M) @ my(N) = 7(P)
is balanced over ©,(R) and defines
Yu: mu(M) ”%) T (N) = 7o(P).

The proof is routine.

DErFINITION (2.37). Let 2 be a ring spectrum and (%, &) and (%, &) be right
and left #-pairs, respectively. A relative pairing

(%, A), ¥ B)—~(Z, €, 9)

is a balanced pairing of pairs of spectra over R provided ¢. (¥, ¥) > & is a
balanced pairing over £ such that the restrictions of the maps and homotopies
making ¢ balanced over & also define balanced pairings over Z: (¥, #) — €,
(A, ¥)— € and (A, B) — 2.

REMARK (2.38). A balanced pairing of pairs over & t: (¥, ), (¥, B)) —
(Z, €, 2) induces a balanced pairing over #

t" (¥|A, Y |B)—~ Z|C.

PROPOSITION (2.39). Let t: (¥, &), (¥, B)) — (Z, €, D) be a balanced pairing
of pairs of spectra over R. Then

(1) t induces

ly! 77*('%" "d) &® 'rr*(@/’ '%) g "*(gs %)
EXC)

and
(2) the diagrams
t
mo(F, L) % ) (¥, B) * Tprod &, €)
1(3* QDD(—1)7 Q9 ja;

(Tp-1(H) @ 7(¥, B)) D (m(F, H) @ ﬂq—l('@))i)"p+q-l(g’ 2)
2R (%)

commute.
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Proof. (1) is an easy consequence of (2.31), (2.36) and (2.38). (2) follows from
(2.30) and (2.36).

Let H be a monoid and & a (strict) ring spectrum. As was seen in (2.9c),
AL NH* =2 is a (strict) ring spectrum. If X is a left H-space, then & A X* is a
(strict) left Z-spectrum.

For X and Y in (QH)° and (HQ)° (Definition (1.7)), respectively, X A 4 Y is the
object of Q° obtained from X x Y (Definition (1.2)) by identifying X x 4y,
U xox x Y to a point and giving the decomposition set the quotient topology.

PROPOSITION (2.40). Let & be a strict ring spectrum and H a monoid. Let
R= NH*, X be an object of HQ and M be a strict right R-spectrum. The maps

¥p.q given by
My AN(Ag AN X)) My o AN XY > My g Ag X+

define a pairing
Y M ANANX)>MAgXT

which is balanced over A.

Proof. In order to prove that {y, .} is Z#-balanced, we note that the com-
mutativity of the diagrams (2.34) follows from that of the diagrams

M, AN A, ANH?
M, AT
M, AN(Ag ASY)AN(ES°ANHY) ——— M, A(S°ANH*) A (4, A S°)

| l

M, AN R, A R, Mp.iq M, AN Ry A R,

where 4, A S° — R, is the composition
A A S°—> A, A{e,+}—> A, AN H* =R,
and S°A H* — R, is the composition

o AN H

soAH* 2T L4 AH* =R,

That the diagrams (2.41) commute follows from condition (1) of Definition (2.10)
and conditions (2) (for i=0) and (3) (for j=0) of Definition (2.7).

The fact that the maps {y, .} define a pairing follows immediately from the fact
that A is a right «Z-spectrum.

The diagrams (2.41) show that J is a strict right «Z-spectrum, and right H-
spectrum and that these two right actions commute. There are then unique
functions

wpo: My Ay X* A Ag— Mypys Ag X+



1969] SPECTRAL SEQUENCES ASSOCIATED WITH FIBRATIONS 419

such that the diagrams
M, AN XY ANAg —> My A A AN XY — M, s A X7

Jro . |

Wy s

M, Ag X* A A, - My,o Ag XH

commute. Since m, A A; is a projection and w, (7, A 4;) is continuous, w, ; is
continuous. Since J is a right «Z-spectrum, these diagrams imply the family
{wp, s} give M Ay X * the structure of a right «&Z-spectrum. From the commutativity
of the diagrams

My A(Ag A XY)YNAs—> My g A XY NAg—> My g Ag Xt A A

T

My A (Agss N XY) ——> Mpiqus A XY ———> My g Ag X
we can conclude the

COROLLARY (2.42). Under the hypotheses of Proposition (2.40), A Ay X* is a
right sd-spectrum and Yy (M) Qo) TH( A A X)) > 1 (M Az X ) is a homo-
morphism of right = ,(sZ)-modules.

PROPOSITION (2.43). If, in addition to the hypotheses of Proposition (2.40),
M=\ ez (ST A AN H), then n (M) is a free right 7 (R)-module and

Y To(H) %l) Tull A XT) > (M Ay X*)

is an isomorphism of right m,(s€)-modules.

Proof. Since =, is stably additive on wedges, it suffices to prove the assertion for
M=S"NANH"*.
The composition

S*ASPA(,+)ANANXT—>S"ASPANHY AA; A XY
—> S™ A Aprg AN HY A XY
—>S" AN Adpg A HY AgXF

~

> 8™ A dpig A XF

shows vy, is onto.
m«(A) is the free 7w (#)-module generated by g,, the class of the composition

S*ANug AN i
S"—>S*"AS°A(e,+)——————>S" A Ay A H,
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where i is the inclusion (e, +)=H*. Thus, 7 (M) Q.. Tx(Z A X ") is iso-
morphic to 7,(S" A& A X *) by the homomorphism

(& f)—in A f

for femy(ZAX*Y)and i,=1g: S™ — S™
But ANy X*ZS"AAANH AgXTZS*" A AX ™ and for f;: ST > A, A X,
the class of y.(g,, (f;)) is the class of the composition

S*AST—>S"AS°A(e,+) NS’
—>S*ANAg AN H* ANAd, A X
—S*"ANA, NH* AN X
—S"ANA, AN H* AgX*
—S" A A4, N XT,
which is i, A (f)).

III. Resolutions of spectra. In this section we construct resolutions of spectra
which are analogous to and have the role of projective resolutions in homological
algebra. As these lead directly to projective resolutions of homology, we have the
conceptual simplification of avoiding the split projective resolutions used by
Eilenberg and Moore, at the expense of somewhat involved spectra constructions.

DEerINITION (3.1). For a strict ring spectrum £, a strict left #-spectrum Z, and
amap f: A — X, in Q°, J(f) is the pushout defined by

RNAn) —F

l

T(Z A A(n)),

where, as before, T is the cone functor and £ A A(n) — & is the morphism of
strict left Z-spectra defined by the composition

RN An) > R AN X,(n) —>Z.
We note that in Example (2.27) the left cone functor was discussed only for

right #-spectra. There is the homeomorphism

TN A
T/\Ri/\A—>Ri/\T/\A,

and the left Z-action on T(Z A A) is defined in the obvious way using this homeo-
morphism and Example (2.27).
As a consequence of Proposition (2.23), we have

LemMaA (3.2). For & a strict ring spectrum, & a strict left R-spectrum, and f:
A — X, a Q°-morphism, the pair (7 (f), ¥) is a strict left R-pair of spectra.
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DErINITION (3.3). Let Z denote a strict ring spectrum, & a strict left #-spectrum,
and (f, Z) a family of maps
for A —> Xy, cel,

in Q°. Then Z (f, Z) is the pushout of the diagram

2 7)), ocex.

Again by Proposition (2.23), we have that J(f, X) is a strict left Z#-spectrum
and each 7 (f,) — J (£, X) is a strict left Z-pair. Since each i, is also a strict left
R-pair and a composition of cofibrations is a cofibration, we have

PROPOSITION (3.4). For R a strict ring spectrum, X a strict left R-spectrum,
and (f, Z) a family of Q°-morphisms

Jo1 Ag— X, ocel,
(T (f, 2), Z) is a strict left R-pair of spectrum.

DEerINITION (3.5). If, under the hypotheses of Proposition (3.4), each of the
spaces A, is a sphere, the pair (7 (f, Z), Z) is said to be a relatively free left R-pair.

The notion will have the role for spectra, when =&, to adjoining stable cells.

DEFINITION (3.6). Let £ denote a strict ring spectrum.

(a) A left #Z-complex is a sequence

LN, LSRN T SN

of strict left #-spectra such that for each j, i<j, (7%, Z7) is a relatively free left
R-pair.

(b) Let # denote a strict ring spectrum and A a strict left Z-spectrum. A
resolution of M is a left Z-complex

1A >T—>-..

with M =F 1.

(c) The left #-complex &' —> X'** — ... is acyclic if for each j, i<j, the
homomorphism 7, (Z7) — 7, (Z7*1) is trivial.

(d) It is strongly acyclic if moreover for each j and »n, the homomorphism

mp(X7) = me(X7HY)

is trivial.

LeMMA (3.7). For the strict ring spectrum R, let (¥, ) be a relatively free left
R-pair and (¥, RB) be a strict left R-pair such that each of the homomorphisms

74(By) = m4(Y2)

is zero. Then each morphism G: <L — B of strict left R-spectra has an extension to
a morphism G': X — ¥ of strict left R-spectra.



422 ELDON DYER AND D. S. KAHN [November

Proof. In the notation of Definition (3.3), for some (f,Z), f,: S™ — A4,,,
e, X=9(f,3).
Each of the compositions
S™ — Ap, — By, — Y,

is null-homotopic and thus extends to a map

fo: TS™ — Y.,
and a map
fo: T(R A S™)n,) > %

factoring through & A Y, (n,). This yields the commutative diagram
(2 A Sme)(n,) —— (£ A Ana)(na) — A

| I\

T(R A S™)(n,) -7 (f5) ﬂ\

of strict left ZZ-morphisms, in which the square is a pushout. By Proposition (2.23),
there exist a map g,: J (f,) — % making the diagram commute. The compositions
g,i, are independent of ¢ and thus define a morphism

g X ->¥
extending g.
Lemma (3.8). If
wLx
lg lg’
ER

is a pushout of morphisms of strict left R-spectra, g is a cofibration, and h: C —~Z
is a cofibration in Q°, then

ffACUfANZ
YANCUANZ—— P ANCUEXT ANZ
l@/\hUg/\Z l?/\hUg'AZ
ffANZ
Y ANZ PANZ

is a pushout of morphisms of strict left R-spectra.
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Proof. The diagram
ANZ—>FNZ

! !

YNZ—>PANZ

is such a pushout. It can be factored as follows:

ANL —> X NZ

! l

YANCUANZ—PANCUEANZ

! !

YNZ —— P ANZ

The conclusion of the lemma then is implied by the fact that the upper square is a
pushout. This implication is a property of pushouts in any category.

Suppose p: U ANCVU ALNZ —W and q: F AZ — # are morphisms of strict
left Z-spectra such that pi=qfAZ. Then

ANC — X ANC

J l q¥ A C
¥ANC —> PAC

pP% AC 8

commutes and defines a unique morphism r: Z A C — #~ of strict left Z-spectra
such that rf’ A C=p|y A C and rg’ A C=¢q|Z A C. The diagram

FNC—TNZ

Jg’AC Jj
k
PAC—PANCUZT NZ

is a pushout. Also, rg’ A C=¢q|¥ A C=qZ% A h. Thus there is a unique morphism
S:PANCUZXNZ—W of strict left X-spectra such that

si=q and sk =r.
Thus,
s(f ACUFAZ)|yANC=skf AC
=rf'ANC
=ply A C,
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and
SffFANCUFANZ)| A NZ=SifANZ
=qfNZ
= pi.
Consequently, s(f' A C U fAZ)=p.
Any §:PACUZANZ—W such that §(f'ACUfAZ)=p and §j=q has
restriction r on p A C and so equals s.

LEMMA (3.9). If (¥, &) is a relatively free left R-pair, then so is
E AT EANSTUA AT
Proof. Let (f;, o € Z) be the defining family for Z. Let Y, be the pushout of

S —> Ay,

Lo

TS™ — Y,,.

By definition J(f;) is the pushout
RN S —> A

! |

TR A S™ —> T (f,).
But this diagram factors:

RN S —> RN A,, — A
TR A S™—> R N Y,,—> T(f),

and the left square is also a pushout. Thus, the right square is a pushout. Also the

square
Smetl > ¥, AS*UA, AI*

! !

TS™+t —> ¥, A I*

is a pushout, where S=S°=0l.
Define &, to be the pushout of

RBANSTHL ST ANSTU ALATT

1 |

TR A S™e*! — Z,.

We wish to show that Z AI* is the pushout of ZAS*+ U AN+ ", &, ce 3.
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The square above factors

RASTTSRAN(Y , ASTVA, A>T (f)NSTUVA NI T ANSTUAL AT

! l ! !

TRAS"* ———— BRA (Y AN*) ————— T ()N —m—— &,
in which the first two squares are pushouts. Thus,

Do NSYUA AT

TU)NSTUAL AT EASTUL AT
T(f) Nhug, AT li,
T A I x z,

is a pushout. This defines morphisms

9. Z, > NIT
is strict left Z-spectra such that g,i, is the inclusion ZAS* U AT+ 'S AT+
and g, j, is the inclusion p, AT*.
Suppose f,: &, —#", e € %, is a family of morphisms of strict left Z-spectra
such that fi, is independent of o. The compositions (f,j,)(g,AI*) are then
independent; and so, there is a unique morphism

[EANTIY W

such that fp, AI* =f, j, for all o € Z. To see that fg,=f, for all ¢ € Z, we observe
that
fqaja =fpa AT =f;jo
and
fqaio' =f|g ANStTUL AT,

However, f|Z AS* A AT is the unique morphism A such that
hp, N ST UjANTY =£j(T(,) A hUg, A TY).
Since f,i, is such a morphism,
fqaio = f;ia'
Thus, fg,=f,.
If f: & AI* — W is any morphism of strict left R-spectra such that

fa, =f, foralleeX,
then

jpa ATT =f~qajo =fajo
and so f=f.
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THEOREM (3.10). Let R be a strict ring spectrum, @: M — A" be a morphism
of strict left R-spectra, (X?) be a resolution of M, and (¥*) be a strongly acyclic
resolution of A". Then there exists a family of morphisms

. X - W, —1=
of strict left R-spectra such that ® 1=« and for each j, —1=j, the diagram

fi

X I+

lq,f 14,“1
¢

Y —— I+
commutes.
Ifo: M — N and H# -2 XN+ — ° are morphisms of strict left R-spectra
such that
HL|ETA0=96"1
HHETI AL =G,

and ¢': X' — %', —1=1i, is a family of morphisms extending p, then there exist a
Sfamily of morphisms

HT N T — W -1
such that
H| X A0 = G'D,
H| XAl = G,
and

.9?7‘1+1 A It = gl‘#(—l.

Proof. The existence of a family (®') having the asserted properties is an
immediate consequence of Lemma (3.7).
Suppose (¢') and S ~! are given as in the hypothesis. By Lemma (3.9),

(@O NI+ XA SFUE-LATY)
is a relatively free left Z#-pair. Then by Lemma (3.8), the morphism

GOPOAOU A TUR A D
has an extension
HO XN I W,

This process clearly continues inductively.
THEOREM (3.11). Each strict left R-spectrum has a strongly acyclic resolution.

Proof. For each n, let
fo:S™—> M, cEX,,
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be a family of maps generating w,(M,). Let =, %, and Z°=TJ(f, Z). By
definition, (Z'°, & ~1) is a relatively free left Z#-pair, where M =% ~1. Also, since
each X7 is the pushout of

M, — T .(fo), ceZ,
and there are sufficiently many f, to generate m,(M,), the map M, — J(f, 2), is

trivial on homotopy groups.
Continue inductively forming Z**?! from Z* as was Z° formed from & ~*. This

yields a strongly acyclic resolution.

THEOREM (3.12). If X~ — X° — Z* — - - - is an acyclic resolution of the strict
left R-spectrum M, then the sequence

b7} 0
Ta( M) <—— (B, M) «—— 7 (X, TO) — - - -
is a free left w (R)-resolution of mwy(M).

Proof. In the notation of the previous proof we have the isomorphisms

(TR A S™), B A %) —> my(T(f,), M)
and

T (T(R A S"), R N S") —> (ST N B A S™).
The latter is a free left m,(Z)-module on one generator. But
(X0, M) = m(T (f, Z), M)
~ d@ (T (fo), M)

as left 7 (Z£)-modules. Thus, 7,(Z°, #), and similarly 7, (Z**1, Z"), is a free left

m+(Z)-module.
The remainder of the conclusion follows from the diagram

ixt iy 1y _ix 2 ,
mo(M) —— To(T) (X m+(Z?) o

SN NS

(&0, M)  m(TL X)) m(EET)

in which each triangle is an exact triangle of left ,(#)-modules and each morphism
i% is the zero homomorphism.

IV. The spectral sequence. Recall that in §I we defined the notions “right
H-fibration” and ‘‘strong right H-fibration” (equally left) so that when the
monoid H is the trivial monoid e, these notions become the usual notions of Dold
and Hurewicz fibration.

DEFINITION (4.1). A map p: X — Bis a (strong) principal right H-bundle provided

(a) p is a (strong) right H-fibration and
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(b) for each path component B, of B, there exist a point b€ B, and a right
H-equivalent homotopy equivalence of p~1b with H.

ExAMPLE (4.2). If for the map p: X — B with X an object of QH, the space B
has a numerable covering {U,},cs such that for each o € 2, p~1U, is homeomorphic
to U, x H by a QH-morphism over U,, then p is a strong principal right H-bundle.
If instead there is only a right H-equivariant fiber homotopy equivalence of p~1U,
with U, x H, then p is a principal right H-bundle.

If B is locally contractible in the large and p: X — B is a principal right H-
bundle, then the converse holds. Locally contractible in the large is defined to mean
that for some numerable covering {U,} of B, (see Dold [6]) each injection i,: U, — B
is null-homotopic.

Our principal result is

THEOREM (4.3). Let & be a strict ring spectrum, H a monoid, F a QH°-space,
and p: X — B a principal left H-bundle. Then there exists a right hy(pt., &Z)-spectral
sequence E'(p, H, F) and a filtration

0=B_ 1241 < Bon<= -
of h(FAy X * ; ) such that

(1) E} =0 for p<0,

() dpot Ezq—> Ep—rq4r-15

(3) lim, E} ;~ E,, where ESy=B, o/B,_1 441,

4 U» Bp,n—p=ﬁn(F/\ uX*; ),

(5) EZ,xTork&s? (hy(F ), hy(X; ) as right hy(pt.; =&)-modules, and

(6) the spectral sequence, filtration, and isomorphism (5) are natural with rexpect to

(a) morphisms H— H' of monoids,

(b) morphisms F— F' in QH°,

(c) morphisms of principal left H-bundles, and
(d) morphisms «& — A of strict ring spectra.

We shall use

LEMMA (4.4). Suppose p: X — B is a principal left H-bundle and N is an object
in QH°® such that m (N)=0. Then m,(N Ay X *)=0.

Proof. (N xy X, *xy X, p, B) is a relative fibration with relative fiber (N, %) and
*xy X = N xy X is a cofibration (Proposition 1.6). The commutative diagram

74 1(B) —> m(¥) —> m(x xg X) —> m(B)

b l !

7 41(B) —> m(N) —> m(N x4 X) —> m(B)

l

7Ti(IVXI-I‘X,’ *XHX)

m_1(* xg X)



1969] SPECTRAL SEQUENCES ASSOCIATED WITH FIBRATIONS 429
of exact homotopy sequences of the fibrations and of the pair (N xyzJX, * xyz X)
implies

ﬂ‘(N) —> ‘”i(NxHX’ * XHX)
is an isomorphism. Thus, the groups 7,(N xy X, * X X) are zero. The conclusion
then follows from a Blakers-Massey theorem [4] and the fact that the map
* Xy X — N xy X is a cofibration.

Proof of Theorem (4.3). The spectrum Z A F'is a strict right «Z A H* spectrum.
Let

ANF=F ' T —>...

be a strongly acyclic resolution over & A H*. Let & =colim Z". Since for each i
and &, m(X{) — m(XEtY) is trivial, 74(X,)=0. Thus, 7(X, Ay X*)=0 by the
previous lemma and 7 (Z Az X *)=0. Let =% /¥~ and ¥°=%7/Z ~'. Then

)
T Ag X*) 2 7T Ag X T Ag X*) —> mo(E1 Ay X ).

Define
Ero=Im{m,qi(F° Ay X*, %777 Ay X)
_)7"'p+q+1(qg/p-'.r_1 /\H X+, @D—l /\H X+)}a
Rp.q = "p+q+1(@p/@p_l) = "p+q+1(‘%.p/‘%‘p—l)’ P g 0
=Im{m 1@ Ag X)) > mpi0ii@ Ag XH)},

Fw
[

and

0
=Im{m, s 0e1(#” Ay X)) —> 7y q (% Ay X) -

yw
£~}
I

Mol 71 Ay X))

Theorem (3.10) implies the naturality asserted in conclusion (6) for the spectral
sequence and filtration. Corollary (2.42) implies the spectral sequence is a right
h(pt., «Z)-spectral sequence.

Since Oy (W Ay X +) = (X1 Axg X ™) is an isomorphism, it induces an
isomorphism of the filtered system {B,, .}, . .-, onto the filtered system {B, o}, + ¢=n-
We have

0=B 17141 Byn S S B, g S Byi1,g-1C S ANF Ay XY),

for p+g=n.
Any element of 7, (% Ay X *) can be represented by a map

Sntl+t_y Y, Ay X+,
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There is a commutative diagram

C——> Y xX

lomo |

St S Y AL X

where C is a compact, Hausdorff space. Since Y;x X=UJ, Y*x X, Yr< Yr+,
and C is compact, the diagram factors as follows

Yrx X

Wction

C }pl’o_]cctlon K < X
Y‘ﬂ A H X+

e

Sn+1+i > ),iAHX+

This shows that |, B, ,_,=m,+1(% Ay X*), and consequently that
U Bp,n—p = "n(d ANF Ay X+)9
b4
which by definition is 2,(FA z X *; &Z).
Forr'zrzp, H#° "AyX+t=%*""AxzX*=% and
Torqi P Ag X, %) —> 7 gt (PP A X5, HP L A XT)
Tprqet(@PF" LA X, WP L AL XY,

Thus, E} ,— E} ., is onto for r'Zr=p.
Let E°,=Lim E] ,. We compare this to E°, =B, o/By_1.0+1=B,.4/By_1.4+1-
In the previous paragraph we showed

ﬂp+q+1(@/ Ag X*) = Lim '"'p+q+1(@/p+r+1 A XH).

Thus, we have
Epe=Im{m 0 1@ Ay X*) > mpiqui@ Au X*, P71 Ay X))
This homomorphism factors by
Tprqr1iF® Ag X*) > o 01 Ag X)) > mpiqis(¥ A X, %771 AgXY),

which defines an epimorphism
B,,— E2,
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Clearly, the kernel of this epimorphism is B,_; .,;. Thus E2, =5 E®,. This
completes the demonstration of all parts of the conclusion on Theorem (4.3)
except (5).
To compute EZ ; we observe that
E;’q = 71'p+q+1(@p /\H X+, @p—l AH X+) jad ﬂp+q+1(@p/@p—1 AH X+)
S Tprqset(XP/EP Ay XY)

and that since Z?/Z?~1=\/,(S™ A A H*), by Proposition (2.43), there is an
isomorphism

vy Rp x & T( A X*)— E;.G
R AH+)

of right 7,(e)-modules.
By Theorem (3.12), the sequence

0<«— 7yt A F)<— Ry y<— Ry y<—--
is a free right =, (< A H)-resolution of m,(& A F). The homomorphisms
dig Ery—E}_ 1,

are compositions

17
Tosqs1(F? Ag X*, HP~1 Ay X) —> 1 (FP Ay XT)
—_—> 1Tp+q(@p_l AH X+, @p-Z AH X+),
which under the isomorphisms

Tprqi1@P Ag X, WP Ay X¥) > mrpqir(®P A X*, P Ay X ),
coincide with the compositions
1Tp+q+1(g‘p Ay X+, Zr-1 Ay X+)-)1Tp+q(gp_1 Ay X+)
> T PP AR X, TP 2 Ay XY).
By Proposition (2.39), the diagram
P
R ® m(sn X*)—22 kL,

n(ANH+)

0 © mAAXY) |g

n(SAAH+)
1<
Rp—l,* ® ﬂ*(d A X+)'—)E};_1‘*
a(FAHY)

commutes, and by Corollary (2.42) it is a diagram of right ,(«)-modules. The
isomorphism
EZ o = Toth{™? (hy(F; ), hi(X; A))

of right m,(«)-modules follows. That this isomorphism has the naturality asserted
in conclusion (6) is an immediate consequence of the fundamental theorem of
homological algebra and of Theorem (3.10).
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We conclude this section by indicating how Theorem (4.3) may be obtained for
KO, and KU,, the homology theories associated to real and complex K-theory,
respectively [2]. It will be necessary to assume that X, H and F have the homotopy
type of CW-complexes. We let K,(X) stand for either KO, (X) or KU.(X).

It is not hard to show that KO, and KU, may be represented by ring spectra,
that is, by spectra satisfying (1), (2) and (3) of Definition (2.7) up to homotopy.
Theorem (4.3) is then proved for K, by replacing the functor =, by K, and setting
o =%, the sphere spectrum. Notice that K (& A X) =~ K (X).

In order to construct resolutions for K,, one needs the following

LEMMA (4.5). Let « € K, (X), where X has the homotopy type of a CW-complex.
Then there exists an integer n, a finite complex Y with K(Y) free over K, (point),
an element Be K (Y) and a map f: Y — S™X such that f(B)=S .

Proof. It suffices to prove (4.5) for X a finite complex. For KU,, this may be
obtained by duality [14, Corollary (8.2)] from the dual statement for KU*, proved
by Atiyah in [1]. D. W. Anderson (private communication) has shown, using the
spectral sequence of page 17 of [2] for KO*, that the finite symplectic Grassmann
manifolds G, .(Q) have KO*(G, .(Q)) free over KO*(point). Atiyah’s argument
and duality now yield (4.5) for KO,.

The one other result we need to adapt the proof of (4.3) to K, is

LEMMA (4.6). Let X and Y be CW-complexes and let K,(X) be free over K,(point).
Then

Kol(XxY) % Ko(X) ® Ku(Y).
K.(point)

Proof. Let & be a ring spectrum representing K, and let £ be a basis for
K, (X) over K,(point). Then an element o € X is represented by a map

fd: Sn(d)+k(d) = Sﬂ '_)'Ak(d) A X.
Let &, be the spectrum with

Ek(a)+r =4, A Sg ifr=z0
= x ifr <O.

Define a map f,: &, — +Z A X by means of the compositions

A A Sy wAX
Ay N Sg———> A N Ay N X———> Ay A X

Now let &5 be the wedge of the &, and let f;: &3 — +Z A X be the wedge of the
5. Since Ky (X)=m, (A& A X) is free with basis Z, it follows that

(4.7 fox: m4(E5) = mi( A A X)

as modules over 7,()=K,(point). Since Y is a CW-complex,

7Bz N Y)—> 7w A X A Y).

(4.6) now follows easily.
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REMARK. The isomorphism (4.7) shows the relation between Atiyah’s method
and ours.

V. Applications to fibrations. In this section we describe relations among
fibrations from which the spectral sequences averred to in the introduction follow
via Theorem (4.3). It is not our purpose in this paper to prove these relations. They
can be deduced from results of Dold [6], Brown [5], and Stasheff [12] and are
found explicitly in the setting and generality here considered in the book of Dyer
and Eilenberg [7].

Recall that a map p: X — B s a fibration if there are lifting function A?: W? —
PX and delay function ¢”: W? — R* satisfying certain relations (see §I), where
W?={(x, w) € X x PB | px=w0} with the subspace topology. Define

G p:W?—B

by p'(x, w)=mn,w, the terminal point of w. Then p’ is a strong fibration with lifting
function A”: W — PW? given by A”((x, ), B)(r)=(x, a+B,), where B is the
path 8 with domain restricted to [0, ¢] and length ¢. We define maps

5.2) viW?—>X and p: X—> WP

by v(x, w)=7,A?(x, w) and ux=(x, ¢,,), Where ,, is the path of zero length at px.
The maps v and p are maps over B and there are homotopies over B: X~vu and

W?P~uv; ie., p’ and p are fiber homotopy equivalent.
Define a map

(5.3) N WP — WP
by A =5,A"". Then
N'((x, @), B+y) = ¥ (A((x, @), B), 7);
i.e., A*" is a transitive lifting function.
A transitive lifting function defines an associative, unitary right action of the
space of loops of B at a point b € B on the fiber F’'=p’~1b by
a: F'xQB— F’
is a=N'|F'x QB.
Let P,B={« € PB | «0=>} with the subspace topology. There is a map
j: F'xP,B—~ W?
given by j((x, @), B)=(x, «+B). This map is balanced over QB and so it induces
(5.4) j:FIXQBPbB'—-) we,

Since 7,: P,B— B is a strong left QB-fibration, ,: F'x o5 P,B — B is a strong
fibration (Proposition (1.7)). The map j is map of fibrations 7, to p’ over the
identity on B and j|F' x oz QB : F' x o3 QB — F’ is a homeomorphism (see (1.3)).
For B pathwise connected this implies 7,(j) is an isomorphism. If, in addition, B
is locally contractible in the large, then j is a fiber homotopy equivalence.
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In summary, we have

PROPOSITION (5.5). If p: X — B is a fibration, then there are strong fibrations #,
and p' and maps of fibrations

F'xasP,B —1—> W» —Y> X

over the identity on B such that
(1) v is a fiber homotopy equivalence,
(2) if B is pathwise connected, then m.(j) is an isomorphism, and
(3) if Bisalso locally contractible in the large, then j is a fiber homotopy equivalence.

Suppose B is pathwise connected and locally contractible in the large and
p: X — Bis a fibration. Let F=p~'b denote the fiber at a point b € B. Let S£(F)
denote the subspace of the space of maps of F to F which are homotopy equiva-
lences. Let Prin (p) denote the subspace of the space of maps of F to X of all
maps f'such that pf(F) is a point ' of Band f: F— p~'b’ is a homotopy equivalence,
and let
(5.6) p:Prin(p)—> B
be given by p(f)=pf(F). Then 5#(F) is a monoid and p is a principal left #(F)-
bundle. Furthermore, there is a fiber homotopy equivalence
5.7 k: FX s Prin (p) — X

over the identity on B, (see [7]).

In the notation of Proposition (5.5), since p’: W? — B has a transitive lifting
function, p’: Prin (p’) — B has a left #(F')-equivariant transitive lifting function
A given by
(5.8) A(f, w)(x) = A¥(fx, w)
for f: F' — p'~'b’ and w a path in B with w0=24". This function defines a map

¢: H(F')x P,B — Prin (p')
by é(f, @)=A(f, w). The map ¢ is a left S#(F')-map and is balanced over QB. It
thus induces a map
(5.9) c: H(F')x quP,B — Prin (p')
of left s#(F')-bundles over the identity on B. The composition
FIXQBPDB % FIXX(FI)W(FI)XQBP@B

’

F' X spnc
F’ x 5 Prin (p') ————— W?
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is the map j of Proposition (5.5) and each of F’ X s, C and k' is a fiber homotopy
equivalence. This is

PRrOPOSITION (5.10). If B is pathwise connected and locally contractible in the
large map p: X — B is a fibration, then the map j of Proposition (5.5) factors
, F' x sy , . , ’
F' x qgP,B > F' X g Prin (p') —— W?

through fiber homotopy equivalences with P,B — Prin (p’) a map of left QB-spaces
and QB — #(F') a map of monoids.

If G is a monoid each element of which has an inverse up to homotopy, F is a
right G-space, B is a pathwise connected space which is locally contractible in the
large, and p: X — B is the associated bundle Fx ¢ E to the principal left G-bundle
p: E — B, then there exist a morphism of monoids G > S#(F) given by «(g): F— F
is a(g)x=xg and a map r: E — Prin (p) over B of left G-spaces given by '

7(y): F—p'py
is 7(¥)(x)={x X ¢ y}. The composite.

FXG T . FXIZ Prin (p) .
Fxg E—————> FXgPrin (p) ———————— F Xy, Prin (p)

is a fiber homotopy equivalence over the identity on B.

ProrosiTION (5.11). If p: X — B is the associated bundle with fiber F to the
principal left G-bundle p: E — B and right action of G on F, there are morphisms of
monoids G 2> #(F) and of left G-spaces E s Prin (p) over B such that

Fxq7 .

is a fiber homotopy equivalence over B.
We summarize these results in

THEOREM (5.12). Let & be a strict ring spectrum and p: X — B a fibration. Then
there is a right h,(pt.; oZ) spectral sequence, E} , with limit associated with a
filtration of ho(X; ) and with

(5.13) 1E3.q = Torp:®%9) (hy(F; A), hu(pt.; A)).

If B is pathwise connected and locally contractible in the large, there is another
such spectral sequence E} , with limit associated with a filtration of h,(X; ), with

(5.14) E} o = Tory; (¥ ™) (hy(F; A), hy(Prin (p); ),

and with a morphism \E™ — E" of right h,(pt.; «€)-spectral sequences which at the
EZ-level under the isomorphisms on the E®-terms is induced by a monoid morphism
QB — #(F) and a map P,B — Prin (p) of left QB-spaces.
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If also p is the associated bundle to the principal left G-bundle p: E — B with
fiber the right G-space F, there is another such spectral sequence ,E} , with limit
associated with a filtration of h,(X; <), with

(5.15) 2E3.0 = Torp&Y (hy(F; &), hi(E; A))

and with a morphism ;E™ — E" of right h,(pt.; «)-spectral sequences which at the
E2-level under the isomorphisms on the E*-terms is induced by a monoid morphism
G — S (F) and a map E — Prin (p) of left G-spaces.

Proof. The proof of this theorem is essentially just a recapitulation of the
previous three propositions and Theorem (4.3).

We indicate only the reduction from Proposition (5.5) to results from which the
spectral sequence (5.13) is an immediate consequence of Theorem (4.3). The
others are similarly obtained using Propositions (5.10) and (5.11).

In the notation of Proposition (5.5), we have

T N X7T) = m(A A (F' X op P,B)")
(A A (F'" Agp P,B"))

(A A F*) Aqp P,B*).

e 1re e

Then F* is a QH -space, 7,: P,B — B is a principal left QB-bundle, and Theorem
(4.3) implies the conclusion (5.13).

ExAMPLES (5.16)(a). Let G be a monoid for which there is a classifying space Bg.
Then for F a point, X=F x ; E;=B;. Thus, the spectral sequence (5.15) converges
to quotients of a filtration of Ay (B;; ) and

2E24 = Tork: &9 (hy(pt.; ), hy(pt.; ).

(b) Let G=e¢, X=Fx B and E=B. Then (5.15) converges ‘to quotients of a
filtration of A.(F X B; «&Z) and

DY X Torgjg"”d) (ho(F; ), hy(B; ).

This was obtained earlier in [9].
At least one of the authors conjectures this implies Theorem (4.3).
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